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Abstract 



We give a perturbative proof that U(l) lattice gauge theories generate the 
axial anomaly in the continuum limit under very general conditions on the 
lattice Dirac operator. These conditions are locality, gauge covariance and 
the absense of species doubling. They hold for Wilson fermions as well as for 
realizations of the Dirac operator that satisfy the Ginsparg- Wilson relation. 
^ , The proof is based on the lattice power counting theorem. 



The axial anomaly in lattice QED with Wilson fermions has first been studied 
by Karsten and Smit QTJ| . They showed that in the continuum limit it arises from 
an irrelevant operator in the lattice Ward identity originating from the Wilson term 
in the action. That this operator must necessarily generate the ABJ anomaly 
in the continuum limit has been shown in || using the small a expansion scheme 
of @]. Recently, an alternative lattice regularization of the Dirac operator has been 
discovered which posseses an exact chiral symmetry on the lattice and is free of 
fermion species doubling and other undesired lattice artifacts f|. The no-go theorem 
of Nielsen and Ninomiya || is circumvented by choosing the Dirac operator to satisfy 
the Ginsparg- Wilson relation j7|. Within this context, the ABJ anomaly on the 
lattice has been studied in ||. 

In the continuum formulation of QED one knows that various regularizations 
that preserve gauge invariance all yields the same expression for the anomaly when 
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the cutoff is removed. One therefore should expect that the anomaly will also be 
reproduced in the continuum limit for any lattice regularization of the Dirac operator 
that satisfies a general set of conditions. The purpose of this letter is to show that 
this is indeed the case. 

Consider a fermionic action of the form 

Sferm = E ^) ((D[U\ + TTl) ^(x) , (1) 

x£aZ 4 

with a the lattice spacing, m/0 the fermion mass, and D[U] a lattice regularization 
of the Dirac operator. U = {U(x;/i)} represent the set of U(l) link variables. 
Summation in ([I]) is over all lattice sites. We parametrize the link variables U (x; [/,) 
according to 

U(x; /j) — exp (10^(1)), (2) 

with real valued gauge potential A^(x). An observable 0(ip, ip, A) is gauge invariant 
if 

0(iir,il> u ,A>) = 0(iP,iP,A), (3) 

with u(x) € M, where 

tP"( x ) = e ^ x) ip{x), i) u {x) = e- iuj{x) ^(x), 
A^(x)=A„(x)--dMx). (4) 

We denote the forward and backward lattice differences by 

dpfix) = f{x + afi) - f(x), 8*f{x) = f(x) - f(x - a/2). (5) 

The action is assumed to satisfy the following conditions: 

1. Gauge invariance. Under a gauge transformation (f|) Sf erm is invariant, 

S ferm (r,^,A") = S ferm (i>,ii,A). (6) 

2. Continuum limit. The action Sf erm converges for a —* to the standard 
continuum fermion action, 

Sferm -> J d 4 x ip(x) ^E 7^ (8^ + iA^) + tj) (x) . (7) 

3. Locality. D\ex$>iaA] allows for a formal small field expansion 

D[expiaA](x,y) = E ^ E E D $.*»( x >v\*> • • • > *») 

n>0 zi,...,z n /ii,...,/Lt n 

AiW-VW. ( 8 ) 



where the coefficient functions Dj%l. Un are local in the sense that they fall off 
exponentially fast for large separations between any pair of sites, with a decay 
constant proportional to the inverse lattice spacing. 
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4. D^ ' is free of doublers. The Fourier transform of the free Dirac propagator, 
D°, is invertible for non- vanishing momentum (modulo the Brillouine zone 
2vr/a). 

Condition 3. implies that the Fourier transforms of are analytic func- 
tions around zero momentum. This property also holds for Ginsparg- Wilson fer- 
mions. It is a consequence of the locality of the Dirac operator D(U), which for 
sufficiently smooth gauge fields has been shown to hold in ||. 

Let us define the expectation value of an observable 0{ip, ip, A) in an external 
gauge field A by 

<0> A = ^ J YldiP(x)<hp(x) 0(^,A)e- s f°™^ A \ (9) 



with Z(A) such that < 1 >a= 1- Then under the above conditions the following 
statement holds. There exists a gauge invariant axial vector current j^(x) for which 

3 1- 1 
lim limV -d; < j 5 (x) > A = ttt^YI ^ P xF^(x)F pX (x), (10) 

m— >0 a— >0 ^— ' (X 107T 

[i=0 jivpX 

where F^ix) = d fl A u (x) — dyA^x). is local in the same sense as -DfexpiA] is 
according to assumption 3, with classical continuum limit 

lin ijJ(a;) = xp(x)-f^ 5 ip(x). (11) 

The proof of fllOD proceeds in three steps. 

i) Consider the standard infinitessimal axial transformation 

SiJj(x) = iu(x)-y 5 ip(x), 

5ip(x) = ioj{x)ip{x)^^. (12) 

Since the fermion measure is invariant under this transformation we have 

= 5 <0> A = < -05S + 50> A . (13) 

Because of the assumptions 2. and 3. the variation of the action can always be 
written in the form 



5S = ia 4 



u[x) 



-4 



b( x) 



a 



(14) 



with j 5 a local dimension 3 operator satisfying (|Tl|)- According to condition 1, 
can always be chosen to be gauge invariant. Furthermore, Q 5 has the form 

Q 5 (x) = 2rmjj(x)^(x) + A(x), (15) 



3 



with A a local gauge invariant irrelevant operator (that is, it vanishes in the classical 
continuum limit) of canonical dimension 4. Writing 

SO = w 4 ^w(x)(TO)(i), (16) 

X 

we obtain the local axial vector Ward identity 

< IdX(x) 0> A = < Q 5 (x)0 - (TO) (x) > A . (17) 

Except for the properties listed above, the precise structure of the lattice current j\ 
and of Q 5 will not be needed in the following. 

At this point we remark that in the case where the Dirac operator is chosen 
to satisfy the Ginsparg- Wilson relation, the action possesses (for m = 0) an exact 
chiral symmetry generated by e.g. 

Sip(x) = iu(x)j 5 ^(1 - ^aD)ip\ (x), 

6^{x) = iu{x) (V(l - ^aD)^j (x) 75 . (18) 

aD is an irrelevant lattice operator of dimension zero. The fermionic measure is 
however not invariant under this transformation. Taking account of this, the Ward 
identity can be cast again into the form (|17|). 
ii) Setting O — 1 in (O) we have 



< >A = < 3 5 (z) >a, (19) 

with j 5 a local, gauge invariant dimension 3 operator with classical continuum limit 



■0(x)7 M 75'0(a;), and Q 5 given by ( |T5| ) ,with A an irrelevant gauge invariant operator 
of dimension 4. 

In the following we work in momentum space for convenience. Let us write 

A,(x) = / A,(k) e iM » a / 2 , / = / ( 2 °) 

Jk Jk 

and 



< jfa) >A= [ ll{q) e^+^ 2 , < Q 5 (x) >= [ Q\q) e**, 

J q J q 

3(ff) = E^? £ / r^„(gbi,-..,Pn-i) 

n>2 u u ...,u n Jpu-,Pn-l 

■A Ul ( Pl )...A Un (q-Pi "... -Pn-i), (21) 

n>2 Ki,...,l/„ J PU-,Pn-l 
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Here and in the following the explicit a-dependence of the correlation functions T is 
suppressed. The chiral Ward identity (|19l) then becomes 

3 

^^r^.. Vn (gbi,...,Pn-i) = r%...^(gbi,...,Pn-i) s (22) 

Ai=0 

where = (2/a) sin (g M a/2). Beause the fermion measure is invariant under (H), 
every gauge invariant quantity (9 satisfies 

< 0(V», & A w ) > A «, = < A) > A . (23) 

This implies the gauge Ward identity 

Since the fermion mass is different from zero, and by assumption 3, the correlation 
functions r 5,/1 are analytic around zero momenta. Writing T s for the Taylor oper- 
ation of order S applied around zero momentum, one finds that gauge invariance 
implies 

T^lt. Un (q\Pi,--->Pn-i) = 0. (25) 
iii) Finally consider the contribution to the external field expectation value of 
the divergence of the axial vector current involving two external photon lines. It is 
this contribution which is expected to generate the anomaly. Using ( p5|) we write 

it ii 
= i ( 1 ~ T l) E $A"Mp) = (i - T L) rj^teb), (26) 



where in the last step we have used the chiral Ward identity (|22|) . The absense of 
species doubling (assumption 4) allows one to obtain the continuum limit by apply- 
ing the lattice power counting theorem |H|. Because Q 5 has canonical dimension 
4, the lattice divergence degree of every Taylor-subtracted lattice Feynman integral 
that contributes to the RHS of ( |26| ) has negative lattice divergence degree. Writing 
generically 

r = / 7— vT-T, 27 

the continuum limit is thus obtained by taking the limit under the integral sign and 
sending the integration limits to infinity. All contributions of the irrelvant parts of 
r 5 that originate from A vanish. With the notation I = lim a ^o I we get 

/OO 74 h, 

t 1 -^ 1 -^^ (28) 
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which is the continuum Feynman integral for the triangle graphs with a 2m7s inser- 
tion, Taylor subracted at zero momenta to second order. Since these triangle graphs 
have an ultraviolet degree of divergence 1, we can further write 



lim(l-7^J Tl iU2 (q\p) 

„ (2^ ~ T ^ 7 ^ (g ' P ' fc) + ° (m l0gm) ' (29) 

where the last step holds for non-exceptional momenta. Finally, we let m — > 0, with 
the result 

S i^o 1 E ^ (9b) = - Mm / _ ^ (72, - 7* ) jj£ (g, p, k) 



/°° <i 4 fc 1 . 

(2^ (fc 2 + m*Y E <W&P/> (30) 

which is the axial anomaly. 

Finally, we show that higher order corrections involving more than two external 
photon lines vanish in the chiral limit. Consider the chiral Ward identity (22) for 
n > 3, 

= fc„(gbi,...,P„-i) + f^^lp!,...^^) 

= ( 1 - r ^ ri )fe n (g|p 1 ,...,p ri _ 1 ) (31) 
+ (1-T^") f^J^,...^), 

(32) 

where 7^ = if 5 < 0. T 5 '" 1 and T 5,A denote the contribution to T 5 of 2mip^5ip 
and A, respectively. We have used the gauge invariance of T 5 ' m and r 5 ' A , which 
implies that both observables satisfy a relation analogous to (|25|). Again by the 
lattice power counting theorem, the second term of the last equality above vanishes 
as a — > 0, whereas the first term has a finite continuum limit. This term vanishes 
for non-exceptional momenta, upon taking the chiral limit m — > 0. This completes 
the proof. 

We conclude with a remark. The irrelevant lattice operator A (cf. (0)), of 
course plays an important role for generating the anomaly. Indeed, the anomaly 
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can be represented as the continuum limit of an irrelevant lattice Feynman integral 
originating from A. For, applying (7~£ p — T* p ) to both sides of the Ward identity 
fl22| ) with n = 2, and making use of gauge invariance, the left hand side vanishes, 
and we obtain 

^ p 2 A a uMp) = K, q - r L) r&tob) = - K, q - %\) ^ITuMp)- (33) 

The continuum limit of the right hand side is computed similar as before, by applying 
the lattice power counting theorem, and yields the axial anomaly, 

lim limf^ = lim Jim (l - (1 - T 2 )) f^ {q\p) = -^Ve^,,^, 

a/3 

(34) 

irrespective of the particular form of A. 
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